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This paper deals with local non-equilibrium models for mass transport in dual-phase and dual-region
porous media. The first contribution of this study is to formally prove that the time-asymptotic moments
matching method applied to two-equation models is equivalent to a fundamental deterministic perturbation decomposition proposed in Quintard et al. (2001) [1] for mass transport and in Moyne et al. (2000)
[2] for heat transfer. Both theories lead to the same one-equation local non-equilibrium model. It has very
broad practical and theoretical implications because (1) these models are widely employed in hydrology
and chemical engineering and (2) it indicates that the concepts of volume averaging with closure and of
matching spatial moments are equivalent in the one-equation non-equilibrium case. This work also aims
to clarify the approximations that are made during the upscaling process by establishing the domains of
validity of each model, for the mobile–immobile situation, using both a fundamental analysis and numerical simulations. In particular, it is demonstrated, once again, that the local mass equilibrium assumptions
must be used very carefully.

1. Introduction
In this paper, we investigate the behavior of widely used models, especially in subsurface hydrology, for describing the transport
of a tracer through dual-phase and dual-region porous media similar to those presented in Fig. 1. At the microscopic scale (porescale or Darcy-scale in this article), these two systems are usually
thought as two continua, in which advection and Fickian diffusion/
dispersion are dominant. Upscaling mass balanced equations from
the pore-scale to the Darcy-scale in a dual-phase porous medium
is, mathematically speaking, equivalent to upscaling from the
Darcy-scale to the large-scale in a dual-region porous medium.
Hence, in this work, we consider a general framework defined by
the mathematical structure of the boundary-value problem at the
small scale rather than by the scale itself and the corresponding
physical phenomena.
A general solution to the dispersion problem at the macroscopic
scale exhibits time and spatial convolutions (non-locality) [3–8].
Direct Numerical Simulations can be used to get an accurate
response, but it is not often tractable for most of porous systems
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because of the complexity involved. Degraded models, but still
rather accurate if one is concerned with the estimate of the flux exchanged between the different phases/regions, can be derived under the form of mixed models for mobile/immobile systems, i.e.
systems with high diffusivity contrast and no advection in the
low diffusivity phase/region [9–12]. In many practical applications,
relevant constraints can be formulated concerning characteristic
times and length scales [13], that is, when the different length
scales of the system are separated by several orders of magnitude,
non-local effects tend to disappear. One way of describing the
transport while conserving partly the convolutions effects consists
in using a two-equation quasi-stationary model (Eqs. (1) and (2))
involving two macroscopic concentrations, one for each phase/region c and x. Herein, the bracket notation is used as a reminder
that concentrations appearing in the macroscopic equations are
defined in a volume averaged sense. ei is the volume fraction of
the i-phase/region and the star notation refers to the model effective parameters. In particular, a** is a first order mass exchange
coefficient.
Two-equation model:

n

c
x
c


ec @ t hcc ic þ V
cc  $hcc i þ Vcx  $hcx i ¼ $  Dcc  $hcc i

n
o

x
þ $  D
ÿ a hcc ic ÿ hcx ix
cx  $hcx i

o
ð1Þ

Nomenclature
Roman symbols
boundary area between the i-phase/region and the jAij
phase/region (m2)
bij
two-equation model closure vectorial variables (m)
one-equation special decomposition model closure vecbi
torial variables (m)
bi part I decomposition (m)
bIi
bIIi
bi part II decomposition (–)
one-equation time-asymptotic model closure vectorial
Bi
variables (m)
Bi part I decomposition (m)
BIi
BIIi
Bi part II decomposition (–)
concentration at the microscopic scale in the i-phase/
ci
region (mol mÿ3)
superficial average of ci (mol mÿ3)
hcii
intrinsic average of ci (mol mÿ3)
hciii
weighted average concentration (mol mÿ3)
hcicx
~ci
solute concentration standard deviation in the i-phase/
region (mol mÿ3)
^ci
solute concentration special deviation in the i-phase/
region (mol mÿ3)
diffusion/dispersion tensor at the microscopic scale in
Di
the i-phase/region (m2 sÿ1)
equ
one-equation local mass equilibrium dispersion tensor
D
(m2 sÿ1)
1
one-equation time-asymptotic model dispersion tensor
D
(m2 sÿ1)
*
one-equation special decomposition model dispersion
D
tensor (m2 sÿ1)
two-equation model macroscopic dispersion tensors
Dij
(m2 sÿ1)
dx ÿ dc two-equation model macroscopic part of velocity
(m sÿ1)

hvii
hviii
v~ i
Vij
V

Greek symbols
two-equation model macroscopic exchange coefficient
(sÿ1)
one-equation time-asymptotic model macroscopic BI
b*
tensorial flux (m2 sÿ1)
ei
i-phase/region porosity (–)
UIi
i-phase/region problem type I solution (m)
UIIi
i-phase/region problem type II solution (–)

a**

Subscript and superscript
i, j
indexes for c or x (–)

c
x

ex @ t hcx ix þ V
xc  $hcc i þ Vxx  $hcx i

n



c

o





¼ $  Dxc  $hcc i þ $  Dxx  $hcx i

ÿ a hcx ix ÿ hcc ic

One-equation time-asymptotic non-equilibrium model:
x

ec þ ex @ t hcicx þ V  $hcicx ¼ $  D1  $hcicx

ð2Þ

Since this model showed good agreement in numerous works
with both numerical computations and experimental data [14–
18], it has been broadly used to explore some physical aspects of
the problem. In particular, two very different situations leading
to simple Fickian dispersion have been identified [19,1,20]. On
the one hand, when the macroscopic concentration in one-phase/
region can be expressed as a thermodynamic function of the concentration in the other phase/region, the situation is called local
mass equilibrium [1] and a one-equation model (Eq. (3)) represents a reasonable approximation of the mass transport problem.
One-equation local mass equilibrium model:

ÿ

ec þ ex @ t hcicx þ V  $hcicx ¼ $  Dequ  $hcicx

where

hcicx ¼





ec
ex
hc ic þ
hc ix
ec þ ex c
ec þ ex x

flux tensor of the quantity / (mol mÿ2 sÿ1)
volume of a REV (m3)
characteristic length of the i-phase (m)
characteristic length of the field-scale (m)
normal to Aij pointing from i to j (–)
microscopic Péclet number (–)
radius of a REV (m)
two-equation model closure scalar variables (–)
ri part II decomposition (m)
macroscopic velocity contrast (m sÿ1)
volume of the i-phase within a REV (m3)
velocity at the microscopic scale in the i-phase/region
(m sÿ1)
superficial average of vi (m sÿ1)
intrinsic average of vi (m sÿ1)
velocity standard deviation in the i-phase/region (m sÿ1)
two-equation model macroscopic velocities (m sÿ1)
one-equation local mass equilibrium, time-asymptotic
and special decomposition models macroscopic velocity
(m sÿ1)

j/
V
li
L
nij
Pe
R0
ri
rIIi
U*
Vi
vi

ð3Þ

ð4Þ

On the other hand, the time-infinite comportment of the first
two spatial moments reveals that two-equation models have a
time-asymptotic behavior which can be described in terms of a classical advection/dispersion one-equation model (Eq. (5)) [21,22]. It
corresponds to a particular time constrained local non-equilibrium situation for which the tracer does not exhibit anomalous
dispersion.

ÿ





ð5Þ

Apart from this two-equation model and its two particular
behaviors, a one-equation non-equilibrium theory (Eq. (6)), based
on a very distinct background, is available in [1] for mass transport
and in [2] for heat transfer.
One-equation special decomposition non-equilibrium model:


ðec þ ex Þ@ t hcicx þ V  $hcicx ¼ $  D  $hcicx

ð6Þ

The method used for the development of this model differs from
the volume averaging with closure theory and finds its essence in a
peculiar perturbation decomposition. This one-equation non-equilibrium model can also be obtained using the homogenization theory and this has been devised in [2]. Numerical simulations in [1]
suggest that both one-equation local non-equilibrium models (Eqs.
(5) and (6)) might be one and the same. However, it is not straightforward from the expression of the dispersion tensors D1 and D*.
The main goal of this paper is to advance a formal proof for this
equivalence (Fig. 2). As an aside, it is interesting to emphasize that
very few effort has been dedicated to establishing connections between the various upscaling techniques. Noticeable exceptions are
a comparison of ensemble averaging and volume averaging [23], a
comparison of the moment matching technique and the homogenization theory [24], a comparison of the homogenization theory and
the volume averaging theory [25] and an equivalence between the
continuous time random walk technique and the volume averaging
theory [26].

Fig. 1. Hierarchy of the different scales for dual-region large-scale averaging (on the left) and dual-phase Darcy-scale averaging (on the right).

Establishing the domains of validity of macroscopic models represents a critical issue for both theoriticians and experimenters.
The procedure of upscaling aims to reduce the number of degrees
of freedom of a problem by eliminating redundance in the information at the microscopic scale (see in [27]). It must be understood
that the quantity of information that must be eliminated depends
on the problem itself but also on the tolerance that one has toward
the solutions. Hence, constraints are usually expressed in terms of
orders of magnitude of dimensionless numbers such as the Péclet
number for example. For the dual-region situation, the reader is referred to the discussion in [28] and more specifically to the Fig. 2
which provides a very good description of the domains of validity
of the different models in terms of two Péclet numbers and the ratio between the two. In this article, we show that a temporal axis
must also be considered and we discuss the effect of the boundary
conditions on these domains.
The remainder of this article is organized as follows. First, we
describe the quasi-stationary two-equation model, associated to
a two-phase system (phase might be replaced by region when working at the Darcy’s scale), its time-asymptotic and local mass equilibrium behaviors along with the model obtained through the
special perturbation decomposition. Then, we present the strict
equivalence between both one-equation local non-equilibrium
models. Finally, numerical computations illustrating the performances of the various models on a very simple 2D geometry are

shown and the domains of validity of each model are established
for this specific problem.
2. Upscaling
2.1. Microscopic problem
Our study starts with the microscopic description of the medium. The c-phase and the x-phase are both subject to advection
and diffusion and the velocity field is supposed to be known pointwise in the whole system. Mass balanced equations for this twophase system take the form

@ t ci þ v i  $ci ¼ $  fDi  $ci g

ð7Þ

Here, i represents whether c or x. ci (respectively vi and Di) is the
concentration (respectively velocity field and effective dispersion
tensor) in the i-phase. Associated boundary conditions under consideration are

B:C:1 :
B:C:2 :

cc ¼ cx on Acx
ncx  jcc ¼ ncx  jcx

B:C:3 :

nir  jci ¼ 0 on Air

on Acx

ð8aÞ
ð8bÞ
ð8cÞ

where jci is the interfacial flux vector, that is jci ¼ v i ci ÿ Di  $ci . ncx
is the normal vector to the boundary Acx between both phases,
pointing from c to x. The B.C.3, between the phases c, x and the
grains r, appears only when upscaling from the pore-scale to the
Darcy-scale. For the sake of simplicity and because its derivation
is straightforward, this boundary is not considered in the rest of
the paper.
2.2. Volume averaging with closure

Fig. 2. Schematic representation of both methods.

In this section, we present the main concepts of the volume
averaging with closure theory. However, some details of the mathematics, extensively discussed in other articles of the literature, are
not given. Our goal is not to cloud important issues with unnecessary equations. A precise literature review allows the unfamiliar
and interested reader to easily reconstitute the puzzle.

We study hierarchical porous media, that is, the hypothesis of
separation of length scales is assumed to be valid

lc ; lx  R0  L

ð9Þ

where li is a characteristic length of the i-phase processes, R0 is the
radius of a Representative Elementary Volume (REV) and L is a characteristic length of the field-scale. We name V the total volume of a
REV and Vi the volume of the i-phase within the REV.
During the integration of the microscopic equations, superficial
average as defined by Eq. (10) appears naturally

hUi i ¼

1
V

Z

Ui dV

ð10Þ

V

When the microscopic concentration is constant throughout the
whole phase/region, one usually expects the mean concentration
on this phase/region to be equal to the same constant. For this purpose, we define an intrinsic average (Eq. (11)) as

hUi ii ¼

1
Vi

Z

Ui dV

ð11Þ

V

Both measures are linked by

hUi i ¼ ei hUi ii
V
ei ¼ i
V

ð12aÞ
ð12bÞ

where the volume fraction ei is taken to be constant, for the sake of
simplicity. We also introduce a weighted averaged concentration
(Eq. (13)) which extends the principle of intrinsic average to both
phases/regions and is used to describe the transport of the total
mass using one-equation models.

hcicx ¼

ec
ex
hc ic þ
hc ix
ec þ ex c
ec þ ex x

ð13Þ

The boundary-value problem (Eqs. (7) and (8)) is upscaled using
volume averaging with closure as described in [13]. In essence, this
method is based on averaging of the spatial operators and on a
decomposition of the pointwise concentration into an average plus
a fluctuation. Eq. (7) is integrated on a REV, then the average of the
derivatives are expressed in terms of derivatives of the averaged
plus integrals on the boundaries through the spatial averaging theorem [29,30] and the general transport theorem [31]. One usually
has to face the problem of finding a connection between perturbations and averaged quantities through the resolution of what are
called closure problems. The various processes which lead to the
classical forms are not detailed because full derivation can be
found elsewhere [1,32].
2.2.1. Two-equation model
The classical formulation consists in closing the problem on
Gray’s perturbations, that is, to decompose concentrations as
i

ci ¼ hci i þ ~ci

ð14Þ

Eq. (14) means that the pointwise concentration is decomposed separately for both physical phases/regions as an intrinsic average on
the phase/region plus a fluctuation. The objective is to split the
microscopic concentration into quantities varying at different scales.
Then, the problem is closed by imposing [22,Eq. (48)] (in which g is
used instead of c)

~ci ¼

X

k¼c;x

ÿ

bik  $hck ik ÿ r i hcc ic ÿ hcx ix

ð15Þ

This source term decomposition, based on the superposition principle of linear operators, authorises to fully uncouple the boundaryvalue problems on bik and ri from the macroscopic quantities. It
leads, under a quasi-stationary hypothesis on the problem for ~ci ,

to the following two-equation model with an exchange term a** between both phases [22] Eqs (58) and (60) (in which g is used instead
of c)
i
j

ei @ t hci ii þ V
li  $hc i i þ V ij  $hc j i

n
o
n
o
n
o
i
j
þ $  D
ÿ a hci ii ÿ hcj ij
¼ $  D
li  $hci i
ij  $hc j i

ð16Þ

We do not specify the entire set of effective parameters of the twoequation problem because they can be found in [22, Eqs. (59) and
(61)] (in which g is used instead of c). Meanwhile, it is important to
keep in mind that the exchange coefficient a** is only a part of the total interfacial flux, the rest being included in the velocities Vij, and can
be expressed as [22, Eq. (54)] (in which g is used instead of c)

a ¼ ÿ

1
V

Z

ncx 

Acx

ÿ

v c rc ÿ Dc  $rc



dA

ð17Þ

It must be understood that this first order expansion (Eq. (15)) loses
some features of the real concentration fields. This created some
confusion in the literature about the value of the mass exchange
coefficient (see [33] for a discussion).
One-equation local mass equilibrium:
The local mass equilibrium situation corresponds to

hcc ic ﬃ hcx ix ﬃ hcicx

ð18Þ

In other words, this means that the concentration gradients
within the phases/regions are sufficiently small to extend the thermodynamic equilibrium at the interface to the bulk phases/regions. This represents a very particular physical situation for
which the total mass within the medium can be described by a single weighted concentration hcicx, that is, by a one-equation model
such as Eq. (19). The associated constraints have been extensively
discussed and can be found in [13,34–36]. These are usually expressed in terms of orders of magnitude of dimensionless numbers.
In this situation, a reasonable approximation [13] of the two-equation model is [1, Eq. (20)] (in which g is used instead of c)


ðec þ ex Þ@ t hcicx þ V  $hcicx ¼ $  Dequ  $hcicx

ð19Þ

It can be obtained by summing Eqs. (1) and (2) and, therefore, the
local mass equilibrium dispersion tensor can be written [1, Eq.
(22)] (in which g is used instead of c)

Dequ ¼

X

i;j¼c or x

D
ij ¼

X

ek hDk  ðI þ $Bk Þ ÿ v~ k Bk ik

ð20Þ

k¼c;x

The effective velocity takes the very simple form [1, Eq. (23)] (in
which g is used instead of c)

V ¼ ec hv c ic þ ex hv x ix

ð21Þ

One-equation time-asymptotic non-equilibrium model:
Matching the first two spatial moments [21] (in which a, b is
used instead of c, x), one is able to find that the two-equation
model has a one-equation time-asymptotic behavior which can
be written [22, Eq. (67)] (in which g is used instead of c)


ðec þ ex Þ@ t hcicx þ V  $hcicx ¼ $  D1  $hcicx

ð22Þ

In essence, this means that the description of the mass transport at
long times can be undertaken using an advection–dispersion type
equation, that is, the behavior of higher order moments can be neglected. It is not clear in the literature what are the physical and
temporal constraints which allow such an approximation. This is
beyond the scope of this study to provide such an analysis but this
aspect of the problem will be the subject of further investigation.
The dispersion tensor (Eq. (50)) can be written [21, Eqs. (97)–
(99)]

D1 ¼

X

D
ij þ

i;j¼c or x
equ

¼D

þ

1 

a

^ci ¼ bi  $hcicx


1  


U þ dx ÿ dc ðU ÿ b Þ


a


U þ dx ÿ dc ðU ÿ b Þ






ð23Þ

Both parts of this expression have very distinct physical meaning.
P

i;j¼c or x Dij represents the sum of the dispersion terms, which
strictly speaking, corresponds to local mass equilibrium dispersion,
and is rather similar to the single phase situation. However, the second part stands for the multiphase aspects. It expresses the contrast
between the c-phase and the x-phase. It tends toward 0 when the
exchange coefficient a** tends toward infinity and is mainly driven
by the square of

U ¼ ec ex

hv c ic ÿ hv x ix
ec þ ex



1
V


Z

ÿ

ncx  jBc dA

Acx

dx ÿ dc ¼

X

ð25aÞ

ek hDk  $rk ÿ v~ k rk ik

Bc ¼ bcc þ bcx

ð26aÞ

Bx ¼ bxc þ bxx

ð26bÞ

Closure problems:
The set of effective parameters previously introduced can be
computed through the resolution of the two following closure
problems. They can be straightforwardly derived from [22, Eqs.
(49)–(56)] (in which g is used instead of c).

B:C:1 :
B:C:2 :


Dc  $rc ÿ eÿ1
c a

ð27bÞ
ð27cÞ

ÿ1 

v x  $rx ¼ $  fDx  $rx g þ ex a
B:C:1 :
B:C:2 :

ð31Þ

h





ek Dk  I þ h$bk ik ÿ hvk bk ik

X

k¼c;x

i

ð32Þ

Closure problem:
The determination of effective parameters requires the calculation of a single problem which can be found in [1, Eqs. (53)– (55)]
(in which g is used instead of c) and in [38].

vc  $bc ¼ $ 
B:C:1 :
B:C:2 :



~ c ÿ eÿ1
Dc  $bc ÿ v
c U

bc ¼ bx


ÿncx  jbc ÿ jbx ¼ ÿncx  ðDx ÿ Dc Þ


vx  $bx ¼ $  fDx  $bx g ÿ v~ x þ eÿ1
x U

ð33aÞ
ð33bÞ
ð33cÞ
ð33dÞ

3. Formal equivalence
The goal of this part is to obtain a formal proof of the equivalence between Eqs. (22) and (31), that is, to prove D* = D1.



~ c ÿ eÿ1
Dc  $Bc ÿ v
c b

ÿ1 

v x  $Bx ¼ $  fDx  $Bx g ÿ v~ x þ ex b

3.1. Mathematical development

ð28bÞ

At this point, the mapping variables rc, rx, Bc, Bx and bc, bx
are solutions of different boundary-value problems (Eqs. (27),
(28) and (33)). In order to find a relationship between these
closure variables, we introduce the following source terms
decomposition based on the superposition principle for linear
operators

ð28cÞ

Bi ¼ BIi þ BIIi b

ð34aÞ

ð28dÞ

bi ¼ bIi þ bIIi U

ð34bÞ

ri ¼ r IIi a

ð34cÞ

ð27dÞ

Bc ¼ Bx


ÿ

ÿncx  jBc ÿ jBx ¼ ÿncx  Dx ÿ Dc

ð28aÞ

2.3. Special perturbation decomposition
A different way to obtain one-equation local non-equilibrium
models consists in decomposing concentrations as follows:

ci ¼ hcicx þ ^ci



ð27aÞ

rc ¼ r x


ÿncx  jrc ÿ jrx ¼ 0

v c  $Bc ¼ $ 



The ^ci perturbation decomposition leads to the following expression
of dispersion, see in [1, Eq. (57)] (in which g is used instead of c) and
[38].

D ¼

This asymptotic behavior was proved directly from the lowerscale equation in [37] for stratified systems, and used extensively
in [19] which introduced the word Taylor’s dispersion, for that particular case, because of the square dependence of the dispersion
coefficient with the velocity difference.
Notice that there are usually six closure (or mapping) variables
associated to the two-equation model, that is bcc, bcx, bxc, bxx, rc,
rx. In the expression of the dispersion (Eq. (23)) only four closure
variables remain, namely rc, rx and Bc, Bx. They are simply related
to those of the two-equation model by



ec þ ex @ t hcicx þ V  $hcicx ¼ $  D  $hcicx

ð25bÞ

k¼c;x

v c  $r c ¼ $ 

It has been proposed in [1] for the large-scale averaging problem and applied in [38] for a reactive case (linear kinetics). This
decomposition may be very efficient since it allows to directly
develop a macroscopic one-equation model, to reduce the number of closure parameters and it is also useful for upscaling various class of problems such as reactive ones. The counterpart is
that the assumptions behind the first order closure and the quasi-stationarity of the fluctuations problems are stronger in this
case because (1) the closure recovers less characteristic times
than the ~c decomposition and (2) the norm of the c^i perturbation
is larger than the norm of ~ci . The macroscopic mass balanced
equation takes the form [1, Eq. (56)] (in which g is used instead
of c)

ð24Þ

It also contains

b ¼ ÿ

ð30Þ

ð29Þ

In this case, the fluctuation is defined in relation to the
weighted average on both phases/regions. The problem is closed
using [1, Eq. (52)] (in which g is used instead of c), [2, Eqs. (42)
and (43)], for heat transfer (in which b, r is used instead of c, x)

As a consequence of the previous decomposition, Eqs. (27), (28) and
(33) reduce to only two boundary-value problems. BIi and bIi are
solutions of the following closure problem type I

vc  $UIc ¼ $ 
B:C:1 :
B:C:2 :


~c
Dc  $UIc ÿ v

UIc ¼ UIx


ÿncx  jUIc ÿ jUIx ¼ ÿncx  ðDx ÿ Dc Þ

vx  $UIx ¼ $  fDx  $UIx g ÿ v~ x

ð35aÞ
ð35bÞ
ð35cÞ
ð35dÞ

Table 1
Equivalence of the approximations associated to the volume averaging theory and to the moments matching technique.
Approximation of

Moments matching technique

Volume averaging theory

Convolutions in space
Convolutions in time

Spatial moments matching up to the second order
Time-infinite behavior of the spatial moments

First order closure
Quasi-stationarity of the closure problems

Unicity of the solutions is provided by the following conditions

ec hBIc ic þ ex hBIx ix ¼ 0
ec hbIc ic þ ex hbIx ix ¼ 0

ð36aÞ
ð36bÞ

BIIi, bIIi and rIIi are solutions of the following closure problem Type II

v c  $UIIc ¼ $ 


Dc  $UIIc ÿ eÿ1
c

B:C:1 :

UIIc ¼ UIIx

B:C:2 :



ÿncx  jUIIc ÿ jUIIx ¼ 0

ÿ1

v x  $UIIx ¼ $  fDx  $UIIx g þ ex

ð37aÞ
ð37bÞ
ð37cÞ
ð37dÞ

Unicity of the solutions is provided by the following conditions

ec hBIIc ic þ ex hBIIx ix ¼ 0
ec hbIIc ic þ ex hbIIx ix ¼ 0
x

hrIIx i ¼

1

a

;

c

hr IIc i ¼ 0

ð38aÞ
ð38bÞ
ð38cÞ

bIi and BIi are solutions of the same problem and satisfy the same
unicity equation. Hence, we have

bIi ¼ BIi

ð39Þ

which implies

bi ¼ Bi ÿ BIIi b þ bIIi U

ð40Þ

It is also important to notice that bIIi and BIIi are solution of the same
problem Type II and satisfy the same unicity equations so that we
have

bi ¼ Bi þ bIIi ðU ÿ b Þ

ð41Þ

Finally bIIi and rIIi are solution of the same problem but do not satisfy the same unicity equations so that they only differ by a constant. After some simple algebra, we obtain


1
bi ¼ Bi þ  r i ÿ

a


ex
ðU ÿ b Þ
ðec þ ex Þ

ð42Þ

3.2. Conclusion and discussion
Injecting this expression of bi, i.e. Eq. (42), in Eq. (32) straightforwardly leads to

D ¼ D1

tion of the two-equation boundary-value problem, that is, a relaxation of the first two spatial moments or of the nonstandard
perturbation. This represents a very different approximation.
The result expressed by Eq. (43) provides a direct equivalence
between the moments matching method and a special volume
averaging theory based on a different decomposition technique.
This conclusion has various consequences.

ð43Þ

One may realize that the physics underlying the time-asymptotic hypothesis in one-phase or two-phase systems have very different backgrounds. In the single-phase configuration, the equality
of the dispersion tensors between the volume averaging theory as
devised by Whitaker [13] and the moments matching technique as
devised by Brenner [39] is straightforward. In this single-phase
case, the problem is not homogenizable at very short times, that
is, one needs to consider only long times to avoid the convolutions.
This limitation corresponds to the time needed for a particle to visit the entire microscopic domain. In a dual-phase situation, this
assumption of the single-phase case is reminiscent to the quasistationary hypothesis on the standard perturbations, although
not exactly similar because of the contrast of properties and of
the exchange between both phases. The time-asymptotic behavior
of the two-equation model corresponds to a macroscopic relaxa-

 Two-equation models provide a solid basis for exploring physical aspects of the dispersion problem.
 Going back to the discussion about the choice of the proper
mass transfer coefficient (see [33,26]) the results obtained in
this paper show that the other proposed values would lead to
an incorrect asymptotic dispersion equation, even if they can
work better at some limited stages of the transient evolution.
 We use the moments matching technique on an already homogenized set of equations, that is, we do not start at the microscopic scale as proposed in [39]. Although it has not been
devised yet, we believe that the two-equation model can be
obtained using the method in [39] and the equivalence developed in this article strongly reinforces the relationship between
the volume averaging theory and the moments matching
techniques.
 This equality (Eq. (43)) also allows to see a similar problem from
two different viewpoints Table 1. The long time limit is traduced, in the ^c decomposition, as a quasi-stationary closure
problem and this is a new interesting way of seeing the timeasymptotic hypothesis in the multiphase configuration. Moreover, Eq. (43) shows that a very strong relationship exists
between the closure on ^c and the moments matching method
limited to the second order, as applied in [21,22].
4. A simple example: a 2D medium
In this part, we are interested in computing the previous models
on a simple 2D geometry (Fig. 3) in order to catch the main characteristics of the problem. We show that even for an input signal
introducing many characteristic times, the time-asymptotic model
may give a rather good approximation at short times and gains in
precision as the time tends toward infinity.
The c-phase is convective and diffusive whereas the x-phase is
only diffusive (called mobile–immobile situation). One example of
such a system could be the study of a tracer transport between two
plates colonized by biofilms (aggregations of micro-organisms
coated in protective extra-cellular substances). The closure problems type I and type II (Fig. 4) presented in the next section are
solved using the Comsol™ multiphysics package. Notice that

Fig. 3. Schematic description of the 2D system.

Fig. 6. Breakthrough curves for Pe = 20 after (a) 10L and (b) 50L for a square input of
0
0
width dt = 5 starting at t = 0. The solid line corresponds to the DNS, the dotted line
to the local mass equilibrium model, the dashed line with triangles to the twoequation model and the dashed-dotted line with stars to the time-asymptotic
model.
Fig. 4. Norm of the bi field for Pe = 200.

because of the very particular geometry and because we impose
periodic boundary conditions, the closure field is 1D. We also fully
solve the balanced momentum equations so that we do not consider any upscaling of momentum equations. The closure problems
only depends upon a Péclet number defined as

Pe ¼

hv c ic L
Dc

ð44Þ

where we choose

L¼1
Dx
¼ 0:8
Dc
ex ¼ 0:2

ð45aÞ
ð45bÞ
ð45cÞ

The dimensionless time is defined by

t0 ¼

hv c it
L

ð46Þ

and the concentration is normalized to the amplitude of the input
concentration.

Fig. 5. Breakthrough curves for Pe = 2 after (a) 10L and (b) 50L for a square input of
width dt0 = 5 starting at t0 = 0. The solid line corresponds to the DNS, the dotted line
to the local mass equilibrium model, the dashed line with triangles to the twoequation model and the dashed-dotted line with stars to the time-asymptotic
model.

Fig. 7. Breakthrough curves for Pe = 200 after (a) 10L and (b) 50L for a square input
of width dt0 = 5 starting at t0 = 0. The solid line corresponds to the DNS, the dotted
line to the local mass equilibrium model, the dashed line with triangles to the twoequation model and the dashed-dotted line with stars to the time-asymptotic
model.

On the one hand, we solve the entire 2D microscopic problem
on a total length of 60L (called DNS for Direct Numerical Simulation) for a square input for different Péclet numbers. On the other
hand, we solve the 1D upscaled local equilibrium, non-equilibrium
and two-equation models on a total length of 60L (Fig. 5–7). Then,
we observe breakthrough curves at 10L and 50L for Péclet numbers
of 2, 20 and 200.
In Fig. 5, we see that the three homogenized models provide a
very good approximation of the transport problem. At low Péclet,
time and space non-locality tend to disappear because time and
length scales are separated by several orders of magnitude. Meanwhile, some very little discrepancy still remains at the peak of the
signal at 10L. At the very beginning of the system, the time-width
of the signal propagating is of the same order of magnitude as the
characteristic time for the relaxation of the effective parameters.
When the signal spreads, the non-locality disappears and at 50L
all the signals are in good agreement. The propagation is even slow
enough for the local mass equilibrium assumption to be wellfounded, that is, the exchange coefficient is big enough for the

models allow to modify separately the conditions for each phase
unlike one-equation models. As a consequence, in situations where
the boundary conditions in one-phase are very different from the
conditions in the other phase, two-equation models must be considered at the expense of one-equation models. Additionally,
two-equation models are likely to provide a better approximation
of the transport processes when many modes are excited, that is,
for a Dirac input for example.
5. Conclusion

Fig. 8. Domains of validity of the different models as a function of the Péclet
number and of the time for a square input signal.

multiphase contrast term in the expression of the time-asymptotic
dispersion (Eq. (23)) to be insignificant.
When the Péclet number reaches values around 20, the local
mass equilibrium assumption starts to become inappropriate.
Fig. 6 shows that the local mass equilibrium model gives a poor
approximation of the signal whereas both non-equilibrium models
are still in good agreement. The fact that the peaks for these two
models arise earlier than the one of the DNS is again characteristic
of non-locality. Memory functions or fully non-local theories (such
as n-equations models) should be considered in this case.
For Péclet numbers around 200, Fig. 7, the local mass equilibrium model is completely inaccurate. The two-equation model
provides the best approximation because it captures more characteristic times than the time-asymptotic one. Except for non-locality (especially at 10L), it recovers the shape of the signal.
However, even for a square input signal and high Péclet numbers,
the time-asymptotic model is still rather accurate. As the signal
spreads, all the non-equilibrium models tend toward the correct
solution and this means that domains of validity need a time
dimension. Results suggest that the one-equation local non-equilibrium model might represent, in cases such as intermediate
Péclet numbers, macroscopic stationarity or asymptotic regimes,
a good compromise, in terms of computational demand, between
the two-equation and the local mass equilibrium models. The
importance of non-locality is also emphasized and becomes particularly obvious in the high Péclet number situation.
On the basis of these results, domains of validity can be determined for a square input signal identical in both phases Fig. 8.
When the Péclet number is below or approximately unity, the local mass equilibrium condition is verified except at very short
times where fully non-local theories or n-equation models should
be considered. Above unity, the situation is more complex as
three different regimes are identified. At very short times, the
situation can not be described even by the quasi-stationary
two-equation model and non-local theories are necessary. At
intermediate times, the two-equation model represents the only
alternative to convolutions. As the time tends toward infinity
and the signal spreads, the one-equation non-equilibrium model
can be used to describe the mass transport. The boundaries between these different regimes depend, among others, on the input
boundary condition, on the microscopic topology and on the processes. The constraints associated to the boundary (1) and (2),
Fig. 8, between the non-local and local zone have been extensively discussed [32,22,20,28,8]. However, little is known on the
limitations associated with (3), Fig. 8, and it requires further
investigation.
Concerning the influence of the boundary conditions on the domains of validity, it is important to emphasize that two-equation

In this work, we provide a comparison of deterministic models
used in hydrology and chemical engineering, that is, the quasi-stationary two-equation model (Eqs. (47) and (48)), the one-equation
local mass equilibrium (Eq. (49)), time-asymptotic (Eq. (50)) and
special decomposition (Eq. (51)) models.
Two-equation model:

n

c
x
c


ec @ t hcc ic þ V
cc  $hcc i þ Vcx  $hcx i ¼ $  Dcc  $hcc i

n
o

x
þ $  D
ÿ a hcc ic ÿ hcx ix
cx  $hcx i

o
ð47Þ

n

c
x
c


ex @ t hcx ix þ V
xc  $hcc i þ Vxx  $hcx i ¼ $  Dxc  $hcc i



x
þ $  D
ÿ a hcx ix ÿ hcc ic
xx  $hcx i

o

ð48Þ

One-equation local mass equilibrium model:

ec þ ex @ t hcicx þ V  $hcicx ¼ $  Dequ  $hcicx

ÿ





One-equation time-asymptotic non-equilibrium model:

ec þ ex @ t hcicx þ V  $hcicx ¼ $  D1  $hcicx

ÿ





ð50Þ

One-equation special decomposition non-equilibrium model:

ec þ ex @ t hcicx þ V  $hcicx ¼ $  D  $hcicx

ÿ

ð49Þ





ð51Þ

 The fundamental analysis carried out in Section 3 leads to
D1 = D*. It has broad practical implications since these oneequation models, because of their intrinsic simplicity, are
widely used by experimenters. In addition, these models were
obtained using very distinct techniques, that is, moments
matching for the time-asymptotic model and a closure on a
peculiar perturbation for the model (Eq. (51)). From a theoretical point of view, equivalence between these two methods
shows that (1) two-equation models provide a reliable basis
for the study of the dispersion problem, (2) the idea of matching
moments up to the second order is similar to the closure on the
spatial perturbations and (3) the time-asymptotic limit of the
moments corresponds to the quasi-stationarity of the perturbation problem.
 The numerical results obtained for a mobile–immobile problem
with different Péclet numbers show that (1) the local mass
equilibrium model has a restricted area of validity and must
be used very carefully (see discussion in [40]), (2) the one-equation non-equilibrium model produces a reasonable approximation of the transport at long times, even for a square input signal
and high Péclet numbers, (3) the two-equation model gives, in
all cases, better results and (4) domains of validity representations need a time dimension.
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